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Abstract

The aim of this paper is to prove some chaotic properties of the generalized shift map o,
and the complemented shift map ¢’ such as chaotic dependence on initial conditions, topologically
transitive, totally transitive. We have discussed some differences in the dynamics of the
generalized and the complemented shift map with the shift map. Finally we have proved that the
complemented shift map is chaotic.
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Introduction

The study of chaotic dynamics has become increasingly popular at the present
days. Although there has been no universally accepted mathematical definition of chaos,
it is generally believed that if for any system the distance between the nearby points
increases and the distance between the far away point’s decreases with time, the system is
said to be chaotic. Chaotic dynamical systems constitute a special class of dynamical
systems. Hence a dynamical system is chaotic if the orbit of it (or a subset of it) are
confined to a bounded region, but still behave unpredictably. In 1975, Li and Yorke
(1975) gave the first mathematical definition of chaos through the introduction of
& -scrambled set and in 1993, S. Li (1975) introduced the notion of o - chaos through the
introduction of @ -scrambled set. Devaney (1989) chaos is another popular type of chaos.
Another interesting definition of chaos is generic chaos. In 2000, Murinova (1989)
introduced generic chaos in metric spaces.

Devaney (1989) and Robinson (1999) both have given brilliant description of the
space Z,. So by symbolic dynamical system we mean here the sequence space X, =
{a o = (g0 e een e ), a; = 0 or 1} along with the shift map defined on it. The points in
this space will be infinite sequences of 0's and 1's.
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Symbolic dynamical systems (%,,0), (£,,0,) and (2,,0") where X, is the
sequence space, o is the shift map, o, is the generalized shift map, and ¢’ is the
complemented shift map are also examples of chaotic dynamical systems. In particular
there are several works on symbolic dynamics where dynamics are represented by maps
on symbol spaces.

The shift map obeys all the conditions of Devaney’s definition (1989) of chaos
such as sensitive dependence on initial conditions, chaotic dependence on initial
conditions, topological transitivity and dense periodic points. Sensitive dependence on
initial conditions is an important property for any chaotic map. There are some interesting
research works on this particular property in (Du 1983, Du 2005, Robinsion 1999 and
Glasner and Weiss 1993). Bau - Sen Du (1983) gave a new strong definition of chaos by
using shift map in the symbol space X,,and by taking a dense uncountable invariant
scrambled set in Z,. We have proved that the shift map o is generically 6 —chaotic on X,
with 6 = 1 by proving that o is topologically mixing and hence it is weak mixing (Biswas,
2014).

In this paper, we discussed some special properties of the shift map. We proved
some stronger chaotic properties of the generalized shift map and the complemented shift
map. We also proved that the complemented shift map ¢’ is ® -chaotic with some
additional features.

In theorem 1, theorem 4 and theorem 5, we have proved that the dynamical
system (Z,,0), (Z,,0,)and (Z,,0") have chaotic dependence on initial conditions
(Bhaumik and Choudhury, 2010). In theorem 2 and theorem 6, we have proved that the
shift map o and the complemented shift map ¢’ are totally transitive on X,. In this paper,
we have given a counter example to prove that not all topologically transitive maps are
totally transitive. We also have given an example of a continuous function which is
topologically transitive but not chaotic. We have discussed a comparison of the behaviors
of the generalized shift map and the complemented shift map with the shift map which
has been given in the last section.

Mathematical Preliminaries

In this section we give some definition and lemmas which are essential for the
main results of this paper. We start with some elementary definitions.

Definition 1 (Shift map (Devaney, 1989)): The shift map 0:Z, — X, is defined by

o(@paq v ven e ) = (1Qy e e e ), where @ = (apaq v oo ... ) is any point of .

Definition 2 (Generalized shift map (Bhaumik and Choudhury, 2009)): The generalized
shift map o¢,:2, -2, is defined by 06,(S) = (SnSns1Snsz = or o ), Where
S =(SSq wer eer e Sy een e ) is any point of X,. For n = 1, the generalized shift map reduces

to the shift map and n > 1 is a finite positive integer.
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Definition 3 (Complemented shift map (Bhaumik and Choudhury, 2010)): Let s =
(5081 wve vrr one ) be any point of X,. Then the complemented shift map o":X, = Z, is
defined by ¢'(s) = (s1's,’ ... ... ... ... ), where s;’is the complement of s;. So it is the map
which shifts the first element of a point and then also changes all others into its
complement.

Definition 4 (Topologically Transitive ((Devaney, 1989))): A continuous map f: X — X
is called topologically transitive if for any pair of non empty open sets U,V c X there
exists k > 0 such that f*(U) NV # ¢, where (X, d) is a compact metric space.

Definition 5 (Totally Transitive (Ruette, 2003)): Let (X, d ) be a compact metric space.
A continuous map f : X — X is called totally transitive if f™ is topologically transitive for
alln>1.

Definition 6 (Transitive Point ((Devaney, 1989)): Any point on a compact metric space
(X, d) is called transitive point if it has dense orbit.

Definition 7 (Li -Yorke Pair (Li and Yorke, 1975)): A pair (x,y) € X? is called Li -
Yorke  (with  modulus 8§ >0) if Ltsupd(f"(x),f"(y) =8 and
Lt inf d(f™(x), f™(y)) = 0, where X is a compact ffiéffic space with the metric d and f
i$'a @ontinuous mapping on X. The set of all Li-Yorke pairs of modulus & is denoted by

LY(f, &).

Definition 8 (Sensitive Dependence on initial Conditions (Devaney, 1989)): A
continuous map f:X — X has sensitive dependence on initial conditions if there exists
& > 0 such that, for any x € X and any neighborhood N (x) of x , there exists y € N(x)
and n > 0 such that d(f™(x), f*(y)) > & , where (X, d) is a compact metric space.

Definition 9 (Chaotic dependence on initial conditions (Blanchard et al., 2002)): A
dynamical system (X, f) is called chaotic dependence on initial conditions if for any
x € X and every neighborhood N (x) of x there is a y € N(x) such that the pair (x,y) €
X2 is Li-Yorke.

Definition 10 (Generically & —chaotic (Ruette, 2003)): Let f: X — X be a continuous
map on a compact metric space X and & > 0. Then f is called generically § —chaotic if
LY(f,8) is residual in X2,

We also need the following lemmas.

Lemma 1 (Devaney, 1989): Lets,t € X,ands; =t; ,i = 0,1, ...... ... ,m . Then
d(s,t) < zim and conversely if d(s,t) < zim thens; =t¢t;, fori =0,1,......... ,m.
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Lemma 2 (Devaney, 1989): Let X be a compact metric space and T: X - X is a
continuous topologically mixing map then it is also (topologically) weak mixing map.

Lemma 3 (Ruette, 2003): Let T: X — X be a continuous map on a compact metric space
X. If T is (topologically) weak mixing then it is generically § —chaotic on Xwith
6 = diam(X).

Lemma 4 (Bhaumik and Choudhury, 2010): The complemented shift map ¢’:Z, — Z, is
a continuous map on X,

Some special properties of the Shift Map
Property 1: The shift map o: £, — £, is generically § —chaotic on X,with § = 1.

Proof: First we prove that the shift map is topologically mixing. Let U and V be two

arbitrary non empty open set of Z,. Let, u = (Uply v v oue )eU be any point such that
min{d(u,y,)} = &, for any y, belongs to the boundary of the set U and v =
(CA 2. ) € V be any point such that min{d (v, y,)} = &,, for any y, belongs to the

boundary of the set V, where, &;, &, > 0 be arbitrary.

We now choose two positive integers k, and k, such that le—l < %;and 2,(2%1 <é&.
Next, we consider the sequence of points given by,

a; = (UgUy en e ukl_l(l)i‘lvovl ...... Vg,y—1 =), fOr i =2 and

a1 = (UgUyq «e oo U, ~1 VU1 wor e [

We now prove the theorem with the help of lemma 1.

Now, d(u, a;) < # < g, foralli > 1, (by lemma 1).

Hence, a; € U, forall i > 1, that is 6% (a;) € o*(U), forany k > 0 (1)

On the other hand, 0%1(a;) = (Vvq wvv v Vpyoq woe onr).

1

Hence, d(0% (ay),v) < 55,

< &,

by applying lemma 1 again. This gives %1 (a;) € V also. 2
By virtue of (1) and (2) we can say that a1 (U) NV # ¢.

Next consider the point a,. Then ¢*1*!(a,) = (vovy ... ... Vk,—1 ... ... ), Which again

belongs to V. Hence, o*:*1(U) NV # ¢. Continuing this process by taking all a;’s we
can easily prove that a*(U) NV # ¢, forall k > k.
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Hence o is topologically mixing on Z,. Since X, is a compact metric space and the shift
map o:X, = Z, is a continuous map, by lemma 2 it is also weak mixing. Again applying
lemma 3 we get our desired result that is, 0:Z, — X,is generically § —chaotic on X,
with § = 1.

Property 2: The shift map o: £, — X, has sensitive dependence on initial conditions.

Proof: We first prove that the shift map o: £, — X, is pointwise Lyapunove-unstable on
%,. Let, u = (uguy v vor oo ) be any point of £, and U be any open neighborhood of w.
Since U is open we can always get an & > 0 such that min{d(u, @)} = ¢, for all «
belonging to boundary of the set U. Now the maximum distance between any two points
of X, is 1, by our chosen metric, so we cannot take € > 1. Hence, € < 1 always, we take

n>0 such that zin <e. We now consider the point
v = (Ugllq wor one UpUpypqUn g Un g3 e e ) of Z,. Hence v is a point of £, which agrees
with u up to u,, , but after the term u,, all the terms of v are complementary terms of that
term of u.

Now, d(u,v) < zin <€, by lemma 1 and our construction above. Then obviously v € U.

Also, d(6™1(w), e™ (1)) = d((Ups1tnsz - - ), (U1 Uy een e )

So we can say that d(c™*'(u),6™*1(v)) = e. That is the shift map o:%, > %, is
Lyapunov e-unstable at u. Hence the shift map o:%, — X, is point wise Lyapunove-
unstable on X, Again it is well known that the shift map is also topologically transitive.
Since the shift map is both point wise Lyapunov e-unstable and topologically transitive, it
has sensitive dependence on initial conditions.

Property 3 (Bhaumik and Choudhury, 2010): The dynamical system (Z,,o) has
modified weakly chaotic dependence on initial conditions.

Chaotic dependence on initial conditions, Totally transitive, Topologically transitive

In this section, we try to prove that the dynamical systems (Z,, o), (Z,,g,) and
(Z,,¢") have chaotic dependence on initial conditions. We consider a particular property
of the dynamical system namely, the total transitivity. Here we show the chaotic map
may or may not satisfy this property. In this paper, we also prove that the shift map and
the complemented shift map are totally transitive on X, Here we give an example of a
continuous function which is topologically transitive but not chaotic. We also give a
suitable example illustrating that all topologically transitive maps are not totally
transitive.
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Theorem 1: The dynamical system (Z,, o) has chaotic dependence on initial conditions.

Proof: Let, p = (pyp; -- --- .. ) be any point of X,. Also assume that U be any open
neighborhood of p. Since, U is open we similarly take an &, > 0, such that
min{d(p, @)} = &,, for any a belongs to the boundary of the set U. Choose n sufficiently

large such that zin < &,. We now use some notations which help us to prove this theorem.

(i) Let Q= (qoq1 -+ ---qi) and R = (ry7y ... ... ... Ty,) are two finite sequences of 0’s
and 1’s, then QR = qoqq e eev e Q;Toq ov oo .. Ty FUrther, if we suppose that
Ty, Ty een oo , T, are r finite sequences of 0’s and 1’s, then T4 T ... ... T, can be defined
in a similar manner as above.

(i) Let D(p,2n + 2) = (P3p+1P3n4z - - Pin+1Pan+2Pan+3 - - - Dsn+2)
D(p,2n +4) = (Psn43Psnsa - o Pén+4Pen+5Pen+6 - - - D7n+6)
D(p,2n+ 6) = (P7n+7P7n+g - - - Psn+9P8n+10P8n+11 - - - Pon+12), and

SO on.

(iii) Finally we take t € Z,, such that,
t = (Pop1 e v - P (O (D™D (p,2n + 2)D(p,2n+ 4)D(p,2n 4+ 6) ... ... ... ),
where (@)™ = aa ... ... ... ...a n - times.

With those three notations and the lemma 1 above we now prove this theorem.

By construction p and t agree up to p,,. Hence, d(p,t) < zin < &, by lemma 1.

So, t € U. Now, 63" 1(p) = (D3p41D3n42 v oor - Dang v e o ) and
o ML) = (Pan+1P3ns4z - - Danad oo oo o).

Note that t consists of infinitely many finite sequences of the type D(p, 2n + k).

S0 we get,

Lt sup d(cr” (p), o™ (t))

n—oo

= nlfw d((P3n+1P3n+2 -+ - Pan+1 - e ), (P3n+1P3n42 - - Pins1 - - )

1 1
> Lt (§+—+ ......... +

n—oo 22

=1.
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Hence, Lt sup d(a™(p),o™(t)) = 1. (3)
n—-oo
Slmilarly, U4n+2(p) = (p4n+2p4n+3 ......... p51’l+2 ...... ) and
0 2() = (DansoDanss - o - Dsnaz - --)- SO again we get,
Lt inf d(c™(p),a™(t)))
n—-oo
= nL_fm d((Pan+2Pan+3 - - - Psn+2 - -+ )y (Pan+2Pan+3 - oo oo Psn+2 wweweee))
0
nL_fm(—+—+ oot D)
=0.
Hence, Lt inf d(c™(p),a™(t)) = 0.. 4)
n—-oo

From (3) and (4) it is proved that the pair (p, t) is Li-York. Hence, the dynamical system
(%2,, 0) has chaotic dependence on initial conditions.

Hence, from property 3 and theorem 1 and by topological conjugacy discussed above we
get our desired results.

Theorem 2 The shift mapo: X, — X, is totally transitive on Z,.

Proof: Let U and V be two non empty open subsets of X, and €,€,> 0. Also let
P = (PoP1 - ver o ) € U be a point such that min{d(p, 5;)} =€4, for any S; belongs to
the boundary of the set U. Similarly, let t = (totq ... ... ... ) € V be any point such that
min {d(t, )} =€, for any B, belongs to the boundary of the set V. Next we choose

integers k,; and k, so large that ——— Tt <€1 and ; <€z, where n is any arbitrary
positive integer. We now con3|der the point B; = (p0p1 ...... Pnik,-1tots - - bnky v wee)-
Then by lemma 1, d(p, B3) < —— <E€;.

anl 1

Hence BeU, that is (6™)*1(B3) € (a™)k1 (V).
On the other hand, (6™)*(B3) = (toty .- oor ... (AP }

Hence ((6™)*1(B3),t) < —— <€, , by applying lemma 1 again.

21‘Lk2

This gives (c™)*1(B;) € V.

Hence we get (¢™)*1(U) NV # @. So the shift map o: X, — X, is totally transitive on X,
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Theorem 3 (Bhaumik and Choudhury, 2010): The generalized shift map (Z,,g,) is
topologically mixing on X,.

Theorem 4: The dynamical system (Z,, a,,) has chaotic dependence on initial conditions.

Proof: At first we introduce some notations which help us to prove this theorem.

(i) Letp = (popq - - ---. ) be any point of £, and U be any open neighborhood of p.

(if) Let P = (pop1 -+ - ---p;) and Q= (qoq1 -+ - ---- @) b€ two finite sequence of 0’s
and 1’s, then PQ = pypy «e wev e - PG qq -- - .- Q. FUrther, if we suppose that
Ty, Ty een oo , Ty are p finite sequences of 0’s and 1’s; Ty T ... ... T,,can be defined in a

similar manner as above.

(iii) If B; is any binary numeral, we denote the complement of 3; by B;. That is, if g; =0
or 1,then B/ =1orO0.

(iV) Let Rp(p: 2k + 0) = (pénkpénk+1 ------- pzllnk—lp4nkp4nk+1 --------- pSnk—l)v
Rp (p' 2k + 2) = (pénkpénk+1 -------- pénk+n—1p6nk+np6nk+n+1 --------- p7nk+2n—1):
and so on.

Note that for any even integer m, R, (p, 2k + m) is a finite string of length (2nk + nm).
(v) Finally, we take t € X, such that
t = (DoPy v ver o Pni—1(0)™ ()™ R, (p, 2k + 0)R,(p, 2k + )R, (p, 2k + 4) ....... ... ),

where (@)™ = aa .. ... ... ....a nk-times.
We now consider the point p and the open neighborhood U of p defined in the above
notation (i).

Since U is open we can always choose an € > 0, such that min {d(p,y)} = ¢, for
any y belongs to the boundary of the set U. We choose k so large that zni_l < &. By our
zni_l < &, by lemma 1. So teU.

construction p and t agree up to p,x_,. Hence d(p, t) <
Now o3%(p) = (D3nkPank+1 - - Pank—1 - ) AN 034 (t) = (P3nPank+1 oo - Dank—1 = = )-
Note that ¢t consists of infinitely many finite sequences of the type D (p, 2k + m).
S0 we get

Lt sup d(on (), 0 (1)) = Lt d((P3nic -+ Pank—1 - ), P o+ - Pamie—1 v+ )

1
nk

> Lt GAmt +
k—oo 2 2
=1,
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Hence, Lt sup d (U,’{(S),J,’f(t)) =1. (5)

k—oo

Similarly,o,¥(p) = (PankPank+1 - - Psnk—1 - - ) and
07 () = (DankPank+1 - - Dsnk—1 - - )-

Again we get that

Lt inf d(of (p), ok () < kL_foo A((Pank - - Psnk—1 = ) Pank - - Psnk—1 « ++))

k—oo
0, 0 0
< klfoo(g+2—2+ +2W)
= 0.
Hence, Lt inf d (a,’f(s),a,’f(t)) =0. (6)

k—oo

From (5) and (6) it is proved that the pair (p,t) is Li-York. Hence the dynamical system
(Z,, g,,) has chaotic dependence on initial conditions.

Theorem 5: The dynamical system (Z,,¢") has chaotic dependence on initial conditions.

Proof: Let p = (pop1 .- --- --.. ) be any point of X,. Also let U be any open neighborhood
of p. Since U is open, we can take an open ball V c U, with radius € > 0. We choose n

so large that zin < &. The following notations will assist us in proving this theorem.

(i) Let P = (popq - - ----p;) @and Q= (qoqyq - - ---- G )be two finite sequence of 0’s
and 1’s, then PQ = popq -+ e - Pi90q1 -+ - - Qm. Further, if we suppose that
T, Ty, e ,T, are p finite sequences of 0’s and 1’s, then TyT; ........T, can be

defined in a similar manner as above.

(i) If y, is any binary numeral, we denote the complement of y, by y,, that is, if y, = 0
orl,ys =1or0.

(iii) Let D(p,2n + 2) = (Pnt1Pnsz - woe oo P2n+1P2n+2P2n+3 - - P3n+2)s
D(p,2n +4) = (P3n+3P3n+4 - - - Pan+4Pan+5Pant6 - - - Psn+6);
D(p,2n + 6) = (Psn+7Psn+8 - - Pon+9P6n+10Pbn+11 - - - P7n+12), and

SO on.

Note that for any even integer k > 0, D(p, 2n + k)is a finite string of length (2n + k).

(iv) Lastly, we take t € X, such that,
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t = (Pop1 e vee e P D, 20+ 2)D(P, 20+ 4)D (0,21 + 6) cer et vt vt v e ).

With those four notations and lemma 1 as above we now prove the theorem. By
construction p and t agree upto p,,. Hence d(p, t) < zin <ebylemmal.SoteV=>te
U.

Now we consider the following two cases which are helpful to prove this theorem.

Case I: When n is an odd integer.
Here ™1 (p) = (Dps1Pnsz v ven oo Dong ven eee o ) and

0"™"L() = (Pps1Pnsz e e o IS §

Note that t consists of infinitely many finite sequences of the type D(p, 2n + k). So we
get,

Lt inf d(o'™(p),c"™(t))

n—oo

< nL_)too d((Pns+1Pniz = o oo Pon+1 o oo ), Pns1Pnsz o oo oo Pon+1 oo )

0 0 0

Snlfoo(5+2_2+ ......... +2n+1)

=0.
Hence, Lt inf d(¢"™(p),a'™(t)) = 0. (7

n—oo
Slmi|al’|y, J’2n+2(p) == (p2n+2p2n+3 ......... p37’l+2 ...... ) and
022 (L) = (DynsaDhnss - o e Phnaz o o).

S0 we get,

Lt sup d(a'™(p),a'™(t))

n—-oo
= nl;too d((P2n+2P2n+3 - woe oo P3n+2 oo ), (Pan+2Dan+3 o voe oo Dan+z - oo )
1,1 1
= nlfoo(g + >z + ot 2n+1)
=1.
Hence, Lt sup d(a’n(s), 0’"(t)) =1. (8)
n—-oo
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Case I1: When n is an even integer.

Then o™t (D) = (Dp41Pmaz e e oo Dopgq wee wee ) and

0"™MH(t) = Ppe1Praz o oe oo Dant1 - )

In this case also t consists of infinitely many finite sequences of the type D(p, 2n + k).

S0 we get,
Lt inf d(c"™(p), o' (1))
n—oo
< nlfoo d((Prs1Pntz o oo Pans1 - ), (Prs1Pnsz o voe o D241 - )
0, 0 0
< nlfoo(z + 2z P 2n+1)
= 0.
Hence, Lt inf d(a'™(p),a'™(t)) = 0. 9)
n—oo
Slmilarly, O-,2n+2(p) = (p2n+2p2n+3 ......... P3n+2 +ee e ) and
02 2(t) = (Dgns2Pon+s o v P3ntz - )
S0 we get,

Lt sup d(a"™(p), '™ (t))

n—oo

= nl;too d((P2n+2D2n+3 - - P3ntz - - ), (P2n+2P2n43 = e Pangz o oo )
1 1 1
anfoo(§+2_2+ ......... +2n+1)
=1.
Hence, Lt sup d(a"™(p),a"™(t)) = 1. (10)
n—oo

By virtue of (7), (8), (9), (10) in the above two cases above we get that

Ltinf d(¢"™(p),c'™(t)) = 0 and Lt sup d(cr'n(p), a’"(t)) =1. (12)

n—-oo

By virtue of (11) it is proved that the pair (p, t) is Li-Yorke. Hence the dynamical system
(2,,0") has chaotic dependence on initial conditions.
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Theorem 6: The complemented shift map ¢": £, — X, is totally transitive on Z,.

Proof: We have to prove that ¢'™ is topologically transitive (Bhaumik and Choudhury,
2009) for all n > 1. Let U and V be two non empty open subsets of X, and €;,€,> 0.
Also let p = (pop1 -+ - ....) € Ube a point such that min {d(p,B,)} =€,, for any
B1belongs to the boundary of the set U . Similarly, let t = (totg ... ... ... ) € V be any point
such that min{d(p, B,)} =€,for any S, belongs to the boundary of the set V. Next we

choose two odd integers k,and k, so large that 1 — <€; and <E,.

Now we consider the following two cases which are helpful to prove this theorem.

Case I: When n is an even integer.

We now consider the point & = (popy - - Pnik,-1tot1 - - tnk, - --). Then by lemma 1,
d(p,a) < — <E€;.

2nk1 1
Hence aeU, that is (6'™)¥1(a) € (a"™)k1(U).

On the other hand, (6'™")*1(a) = (tot; ... ... Eny e oee)-

Hence d((o'™")*1(a),t) < —= <€, by applying lemma 1 again.

znkz
This gives (c"™)*1(a) € V.
Hence we get (¢'™)*1(U) NV # @, where n is any even integer. So the complemented

shift map ¢': ¥, — X, is totally transitive on £,when n is an even integer.

Case I1: When n is an odd integer.

In this case we consider the point 8 = (popy - - Pnk1—1t6t{ ...... trky v o )-

Thenby applying lemma 1 again. This gives d(p, ) < ——— <€,. Hence § € U,

2nk1 1

that is(6™)*1 (8) € (6'™)*1(U). On the other hand, (6")¥1(B) = (toty v - tng, ).

Hence d((¢'™)*1(B),t) < —= <€, by applying lemma 1 again.

anz

This gives (6'™")*1(B) € V. Hence we get that (¢'™)*1(U) NV # @, where n is any odd
integer. So the complemented shift map o': £, — X, is totally transitive on X,when n is
an odd integer.

Combining those two cases as above we get that the complemented shift map is totally
transitive on Z,.
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The chaotic maps are all topologically transitive and Li-Yorke sensitive. Now we
try to give an example of a continuous function which is topologically transitive or Li-
Yorke sensitive maps but not chaotic in the sense of B. S. Du.

Example 1: Let h: [—1,1] - [—1,1] be a function defined by

(2 +1) l<x<_2
g X T =X=79%
h(x) = 1
—9x, —aﬁxSO
-X, 0<x<1

The function h defined above is obviously a continuous function. We can easily prove
that the given function is topologically transitive and Li-Yorke sensitive. But it is not
chaotic in the sense of B. S. Du since the closed interval [0,1] are jumping alternatively
and never get close to each other.

We are also giving the following example showing that chaotic maps are not necessarily
topologically transitive.

Example 2: Let T(x) =1 — [2x — 1|for0 < x < 1 and let [ be a continuous map from
[—%, 1] to itself defined by I(x) = —x for—% <x<0andi(x)=T(x)for0 <x < 1.

Then [ is chaotic on [— % 1] but [ is not topologically transitive.

Again from the following example, we can see that all topologically transitive maps are
not totally transitive.

Example 3: Let G(x) be a continuous map from [0,1] onto itself defined by

4 +1 0<x<?

X 5, _X'_5
9 1 3
G(x) =1 —4x += —<x<-—
() x+5, 5_x_5
3 3 34

2 2% 5=%=

We can easily prove that the map G is topologically transitive on [0,1]. Here we can see
that the subintervals [0, %] and [%, 1] are invariant under G2, so G2 is not topologically

transitive on [0,1]. Hence it is not totally transitive. Therefore all topologically transitive
maps are not totally transitive.

Problem 1: Show that the complemented shift map ¢’: £, — X, is chaotic.
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Solution: The complemented shift map ¢': £, — X,is chaotic in the sense of Li- Yorke,
because it is chaotic in the sense of Devaney. Because we know that Devaney chaos
implies Li- Yorke. It can also be directly proved by the scrambled set S consisting of
points, [, where [ ,is defined by,

[ =% 01 ocuexgoc 04 0011 o¢yo0cy0X Xq Xq XpKy0K, 000111 ... e e,

forall @ = (apaq ... ... ... ) in Z,. So this map is a strong chaotic map in the symbol space
Z,. Since the shift map is often used to model the chaoticity of a dynamical system, we
can now use the complemented shift map in place of the shift map to model the chaoticity
of a dynamical system. So we conclude that the complemented shift map is a new model
for chaotic dynamical systems.

Comparison of the generalized shift map and the complemented shift map with the
shift map

In this section we discuss some basic differences of dynamics of the generalized
shift map and the complemented shift map with the shift map. We also present a
comparative study of the shift map with the generalized shift map and the complemented
shift map.

We know that transitive points play a big role in any Devaney’s chaotic system. For the
shift map o, if a point of £, which contains every finite sequence of 0’s and 1’s, the point
is a transitive point. If we consider a point a of X,as given below,

a = ((0" ()7 (00)" (O™ (10)"(11)" (000)*(00D)" ...... . (0000)" ......)),

then obviously a € Z,is a transitive point with respect to the generalized shift map. But

g = (0100 01 10 11000 001 .....0000 ......... )) is a transitive point for o. Hence

we can say that all transitive points of the generalized shift map o,are also transitive
points of the shift map o, but not conversely.

We now discuss the periodic points of the generalized shift map and the
complemented shift map. Here the period means prime period. We start with the periodic
points of those maps. If 0:Z, - X, is the shift map, we all know that any repeating
sequence of 0O's and 1's is always a periodic point of o. For example,
c = (CoCq we ne Cp—1CoCq er - Cp_q - - ) IS a periodic point of period n of g, for all n > 1.
But a,,(¢) = c, that is , ¢ is a fixed point of g,,. On the other hand if we consider the
points (0000.......... Yand (1111......... ) of Z,. These are the only fixed points of . The
above two points are fixed points of a,, also, but there exist other fixed points of ¢,,in X,
Hence we conclude that periodic points of ¢ and o,, are not same in general.
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Again as for example, a = (apay ... ... Ay Aoy . ... Ay wee oo )is a periodic point of
period m +1 of o, for all m > 0. But in the case of the complemented shift map o', the
situation is different. In this case not all repeating sequences of 0'sand 1's are periodic in
the same period that of o. If u is a periodic point of ¢ such that it consists of repeating
sequences of even number of terms, that is, u=
(UgUy or vne Upp—1UgUp wev on Uyp—_1 - - ) then obviously u is a periodic point of period 2n
of ¢’. On the other hand if we consider the point v = (vyv; ... ... VonVoVq een e Vg eee eee )
it is a periodic point of o'with period 2(2n +1), because

a1 (v) = (v ... ... Vhp VUL wer wee Vi eee e ) 1,
but ¢"2C"+ D (v) = (vovy ... ... VynpVoUq eor ooe Vg eee o) = D

Hence for odd repeating sequences of 0's and 1's the case is different. So for an odd case
we choose the point in a different manner. We now consider the point

So w is a periodic point of period 2n +1 of ¢'. Similarly, we can get that w is a periodic
point of ¢ with period 2(2n +1). Hence we conclude that the periodic points of ¢ and
o'are not same.

We know that one fixed point of any continuous map cannot be mapped into
another fixed point by the map itself. We consider the points oz, = (0000 ... ... ) and

op, = (1111 ... ... )of X,. These are the only fixed points of c. Also we cannot jump
fromay, to oy, (or from oy, to o7, ) under any iteration of . But we can always jump from
oy, to ag, (or from oy, to oy,) under iteration of ¢’. Because o’(oy, ) = or,and o' (ap,) =
oy, . Similarly, the points o', = (0101 .......) and o', = (1010 .......)of X, are the only
fixed points of ¢'. Hence we cannot jump from o' to o'y, (or froma’y, to o'f,) under

any iteration of o’. But o(0’s,) = 0’s, and a(o’f,) = 0’1 S0 we can say that the fixed
points of the complemented shift map are mapped into one from another by the shift map.
Similarly, the fixed points of the shift map are mapped into one from another by the
complemented shift map.

Conclusions

In this article, we have proved some stronger chaotic properties of the
generalized shift map and the complemented shift map. We also proved some special
properties of the shift map and showed that in the symbol space the shift map is totally
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transitive. Hence we say that the shift map is the only map in the symbol space X,which
can be considered as a model of chaotic maps.

The generalized shift map has a property which is based on Li -Yorke pair but
have some common features of sensitive dependence on initial conditions and it is
topologically mixing on X, , which is a property stronger than topological transitivity.

In this paper we have proved that the complemented shift map is a o -chaotic
map. Since o -chaos is equivalent to chaos in the sense of Devaney, the complemented
shift map is Devaney chaotic. Hence it is also Li-Yorke chaotic, because Devaney chaos
is stronger than Li-Yorke chaos. The property in Definition 9 is very important for any
dynamical system, because this property is mainly based on Li-Yorke pair but has some
common features with sensitive dependence on initial conditions. In this paper we have
proved that the complemented shift map is totally transitive on X,. Since the shift map is
often used to model of the chaoticity of a dynamical system, we can now use the
complemented shift map in place of the shift map to model of the chaoticity of a
dynamical system. So we conclude that the complemented shift map is a new model for
chaotic dynamical systems.

Although total transitivity is a stronger property than topological transitivity,
every chaotic map does not necessarily become totally transitive. Hence, we conclude
that in general not all transitive maps are totally transitive and also not all chaotic maps
are totally transitive. In this article we discussed with examples that a continuous function
which is topologically transitive but not chaotic in the sense of Du and all topologically
transitive maps are not totally transitive.

In the last section we observed that all transitive points of the generalized shift
map g, are also transitive points of the shift map a, but not conversely and from this we
conclude that periodic points of the shift map o and the generalized shift map a,, are not
same in general. Similarly we showed that the periodic points of the shift map ¢ and the
complemented shift map o’are not same. We also proved that fixed points of the
complemented shift map are mapped into one from another by the shift map and the fixed
points of the shift map are mapped into one from another by the complemented shift map.
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